Abstract: In the presence of dispersion and dissipation, we deduce a modified plane wave expansion method to calculate photonic bands in 2-D honeycomb lattice photonic crystals (PCs) composed of plasma-coated layers. A linearization technique of the generalized eigenvalue problem for a complex matrix of wave expansion is used to obtain the photonic band structures. In the transverse magnetic mode, when plasma-coating thickness increases to a critical value, most of the dielectric-plasma (DP) photonic bands are the same as photonic bands generated by pure plasma cylinders. This property provides us a way to replace plasma PCs with DP PCs that save energy and materials. In the transverse electric mode, multiflatbands below the plasma frequency also occupy a large frequency range when the plasma coating is sufficiently large. Given that these multiflatbands are caused by surface plasmon polaritons, the region of flatbands depends not on the geometry of the photonic lattice but on the filling factor of the plasma coating. The numerical results validate the correctness of our prediction.
Introduction
In the past decade, the periodic dielectric structure called photonic crystal (PC) has received considerable interest because it has the ability to prevent the propagation of electromagnetic (EM) waves within a certain frequency range [1] , [2] . This phenomenon results from the removal of the degeneracies of free-photon states at the Bragg planes provoked by the periodicity, which produces forbidden frequency gaps or the so-called photonic band gaps (PBGs). Consequently, the EM waves, whose frequencies are located in PBGs, fail to propagate through the PCs. This active research area has been extended to dispersive material PCs such as metallic [3] - [5] , plasma (PPCs) [6] - [8] , and superconductor [9] - [11] PCs, which contain more advantageous characteristics than conventional PCs. Several experimental studies on PPC manufacture at the millimeter wave region have been conducted. For instance, Sakai et al. [12] have proposed a system using a multicapillary electrode to generate PPCs with visible emission from the microplasma array. Dong et al. [13] have realized hexagon-and square-patterned air discharges using a dielectric barrier discharge device with two water electrodes. Recently, a unique optical property has been elicited using special building blocks as core-shell spheres [14] , [15] . In this geometry, the photonic band structure contains bands with very small group velocity values [16] . Triangular lattices in hole cylinders with a circular cross section have been shown as a good design for obtaining two-dimensional (2-D) PBG materials [17] . Such structures require the etching of cylinders separated by very thin semiconductor layers, which is difficult to realize. To overcome this challenge, large band gap structures can be alternatively obtained by a 2-D honeycomb lattice to avoid the fabrication of thin layers. Plane-wave expansion (PWE) technique variations have been proven useful in calculations involving PBG systems with plasma components in a periodic array. Sakai et al. [18] have studied the photonic bands in 2-D square lattice microplasma arrays and developed the PWE method to reveal the dispersion of propagating waves including PBGs and multiflatbands. Qi et al. [19] , [20] have studied the dispersion characteristics of the transverse magnetic (TM) mode for a 2-D square lattice unmagnetized PPCs using a modified plane wave method. Kong et al. [21] have theoretically investigated two types of honeycomb structures in 2-D PPCs based on the PWE method. However, EM properties such as dispersion and dissipation are rarely studied for 2-D honeycomb lattice PCs composed of plasma-coated cylinders. Compared with the pure PPCs, our proposed structure exerts the same effect without a large amount of ionized gas, thus conserving energy and materials.
In the current paper, we theoretically calculate 2-D dielectric-plasma (DP) photonic band structures with E -and H-polarized EM waves propagating in 2-D systems based on the frequencydependent PWE method. By comparing photonic band structures composed of dielectric cylinders with different plasma-coating thicknesses, interesting EM properties are found only in such 2-D DP systems. In other words, when the plasma-coating thickness is equal to a critical value, most DP photonic bands are the same as the photonic bands generated by pure plasma cylinders. We also consider whether the region of multiflatbands depends on the geometries of photonic lattices, or on the filling factor of the plasma coating in the transverse electric (TE) mode. In Section 2, we present the obtained crystal patterns and calculation method. In Section 3, this theoretical method is used to yield specific examples of band diagrams attributed to the periodicity of plasma coating. Part 4 summarizes the paper. Some corresponding physical explanations are discussed.
Theoretical Model and Method
This work focused on 2-D periodic structures with plasma-coated dielectric cylinders immerged in a background material. In particular, we extend the theoretical framework of the plane wave technique to PCs containing a plasma component in the PBG structure. The dispersion and dissipation in the plasma regions of the PCs are considered with a complex, frequency-dependent permittivity that meets the Drude formula
where ! is the incident wave frequency, ! pe ¼ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi n e e 2 =m e " 0 p is the electron plasma frequency as a function of the plasma density n e , and is the collision frequency. We consider 2-D arrays of infinite circular cylinders arranged in a honeycomb lattice. The dielectric cylinders are coated with homogeneous unmagnetized plasma, as shown in Fig. 1 . There are two cylinders of radii r 1 and r 2 per unit cell at positions u 1 and u 2 , respectively. If only nonoverlapping cylinders are considered, the maximum filling factor f ¼ 60% is reached when the cylinder diameter is equal to the distance a between the centers of two nearest-neighbor cylinders. The primitive lattice vectors for the honeycomb lattice are
The unit cell contains two cylinders at the following positions:
Then, the primitive vectors of the reciprocal lattice are
where a c ¼ j 1 Â 2 j is the area of the unit cell. As shown in Fig. 2 , the cylinders consist of a dielectric core surrounded by a plasma shell. The cylinders are embedded in a homogeneous lossless medium. Without loss of generality, the medium is set to be a vacuum in this work. Their intersections with the x À y plane form a 2-D periodic honeycomb structure. We assume that the cylinders are parallel to the z axis, and the dielectric function of the 2-D PCs is "ðr k Þ. The periodicity of "ðr k Þ implies "ðr k þ j Þ ¼ "ðr k Þ ðj ¼ 1; 2Þ, where r k is the 2-D position vector ðx ; y Þ. For 2-D EM wave propagation, the following two orthogonal polarizations can be considered: the electric field perpendicular to the direction of propagation (E -polarization), or the magnetic field perpendicular to the direction of propagation (H-polarization).
Calculation Method for the Case of E-Polarization
The conventional eigenvalue equation for the case of E -polarization in PC with a dispersive medium can be written as where c is the speed of light in a vacuum and k k is the wave vector. Bðk k jG k Þ and"ðG k Þ are the Fourier coefficients of the electric field and position-dependent dielectric constant, respectively. To determine the Fourier coefficients f"ðG k Þg of "ðr k Þ in the case of dielectric cylinders immerged in a background unmagnetized plasma, we write "ðr k Þ in the form
with
S 2 ðr k Þ ¼ 0 for jr k j r 1 1 for r 1 jr k j r 2 0 for jr k j 9 r 2 :
" a and " b are the dielectric constants of the core dielectric and background materials, respectively. r 1 and r 2 are the radii of the dielectric and whole DP cylinders, respectively. The inverse Fourier transform gives"
where a c ¼ ja 1 Â a 2 j is the area of the unit cell, f 1 ¼ 2r 2 1 =a c is the filling fraction of the dielectric cylinders in one lattice, and f 2 ¼ 2r we consider the situation of DP cylinders in an air background. Substituting (1) into (9) and (10) yields"
Substituting (10) into (5) and using ¼ !=c, yields the eigenvalue equation
where
where the elements of the N Â N matrices are J 
where I $ is a N Â N identity matrix. The complete solution of (12) is obtained by solving for the eigenvalues of (14).
Calculation Method for the Case of H-Polarization
For the case of H-polarization, the eigenvalue equation for the 2-D PC can be written as
where Aðk k jG k Þ andðG k Þ are the Fourier coefficients of the magnetic field and inverse dielectric constant, respectively. To determine the Fourier coefficients fðG k Þg of 1="ðr k Þ in the particular case of coated cylinders characterized by the dielectric function, we write 1="ðr k Þ in the form
0 for jr k j 9 r 2 .
> < > :
The inverse Fourier transform giveŝ
Substituting (1) into (17) and (18) yieldŝ
Now we substitute the Fourier coefficients fðG k Þg given by (19) into (15), which transforms the latter into 4 
where the elements of the N Â N matrices are P 
We can write the complex variable in the form ¼ ! R =c þ i! I =c, where ! R and ! I represent the real and imaginary parts of the frequency, respectively.
Results and Discussion
Our calculations reveal that the dielectric constants of the core dielectric " a and background " b materials are 12.4 (silicon) and 1 (air), respectively. We note that for E -polarization, the computational convergence rate is fast and a relatively small number of plane waves are required for accurate PBG determination. However, for H-polarization, the computational convergence rate in the second configuration is slow with an increasing number of plane waves because of the existence of surface plasmon modes. The band structures are obtained by the diagonalization of (14) and (22) for 30 k -values from across the Brillouin zone. A total of 441 plane waves are used to obtain the results of both polarizations.
TM Wave
In Fig. 3 shows the plot of the real part of !a=2c with the normalization convention ! pe a=2c ¼ 1 to make the problem scale invariant. With this definition we can let a be any value as long as r 1 and r 2 are shifted accordingly to achieve the same filling factors. In our simulations we set a ¼ 1. The collision frequency chosen is ¼ 0:1! pe . For the TM waves, the radius of the whole dielectric plasma cylinders ðr 2 Þ is fixed, whereas the plasma-coating thickness ðr 2 À r 1 Þ increases from 0 to r 2 . Thus, the PC can change from a pure dielectric PC, as shown in Fig. 3(a) , to a pure PPC. In particular, when the coating thickness is greater than a certain value, e.g., if r 2 is fixed as 0:3a, then r 2 À r 1 9 0:22 and most photonic bands do not change with increased coating thickness. These bands are almost the same as those composed of pure plasma cylinders.
In Figs. 3 and 4 , r 2 is fixed as 0:3a and r 1 is reduced from 0:3a to 0, which means that the coating increases from 0 to 0:3a. Clearly, when the dielectric cylinder is coated with a thin layer of plasma ðr 1 ¼ 0:25aÞ, the band structure significantly changes. Photonic bands become flatter and shift to higher frequencies compared with pure dielectric photonic bands. A cutoff frequency, which corresponds to the minimum frequency of the first photonic band, clearly appears in the 2-D DP photonic band structure shown in Fig. 3(b) . With increased plasma coating, the 2-D plasma photonic band structure approaches the pure plasma band structure shown in Fig. 4(c) . Clearly, when the plasma coating increases to 0:2a, the main part of the photonic band structure becomes almost the same as the photonic band structure composed of pure plasma cylinders. In other words, the cutoff frequency and the photonic band in the low-frequency domain have the same values independent of r 1 . Some photonic bands in the high-frequency domain still have some differences. In the region 0 G r 1 G 0:1a, the main part of the plasma photonic band structure almost does not change, which means that plasma coating plays a main role in the 2-D DP photonic band structure. Of course, we can also keep r 1 constant and change r 2 À r 1 to realize different coating layers. We specially consider cylinders made of different dielectric materials ð" a ¼ 1:0Þ to verify the above results. Fig. 4(d) shows that when the dielectric core is replaced by air, the main part of the photonic band structure becomes almost the same as the photonic band structure composed of pure plasma cylinders. In this case, when the EM wave below the cutoff frequency interacts with the plasma, the plasma acts like a metal barrier and the EM wave is almost completely reflected. When the frequency of the EM wave is above the cutoff frequency, the majority of the wave passes through. Therefore, there is a cutoff frequency that conventional PCs cannot realize.
To obtain the critical value of the plasma coating, we keep the main part of DP photonic band structure almost the same as that of pure plasma photonic band structure, and calculate the cutoff frequencies with increased plasma coating. The radius of the DP cylinder r 2 is fixed as 0:2a, 0:25a, and 0:3a, respectively. The plasma coating is increased from 0 to r 2 . Fig. 5 shows the plot of the cutoff frequency as a function of the plasma coating for different values of r 2 . The three straight dashed lines represent the cutoff frequencies in the pure plasma photonic band structures with the same filling fraction f 2 . Clearly, there is always a critical value of plasma coating for different values of r 2 . The cutoff frequency in the DP photonic band structure is almost the same as that in the pure plasma band structure. For example, if the r 2 is fixed as 0:25a, then the critical value is 0:18a. The cutoff frequency in the DP band structure is 0:2786 Â 2c=a, whereas the value in the pure plasma band structure is 0:2874 Â 2c=a. The difference between these two values is less than 3%. With increased plasma-coating thickness, that difference approaches zero. Similar situations are found when r 2 is fixed as 0:2a and 0:3a; the critical values are 0:14a and 0:24a, respectively. We also find that most of the other photonic bands have the same behavior as the corresponding cutoff frequencies. Their shapes and locations approach those bands in the pure plasma photonic band structures with increased plasma-coating thickness. By comparing many band structures, we conclude that the photonic bands contributed by the core dielectric material flatten and move toward the high-frequency domain with increased plasma coating. The photonic bands contributed by the plasma coating play a main role in the band structure of DP PCs after exceeding the critical value. The reason is that when the plasma-coating thickness is sufficiently large, EM waves cannot propagate through the coating layer. Most of the EM waves are reflected by the coating layer.
These properties of 2-D DP photonic band structures have potentials in many important applications. For example, pure plasma cylinders can be substituted with DP cylinders, and they acquire the same EM properties as the original cylinders because pure plasma PCs require ionizing more gas than producing DP PCs. We can also modulate photonic bands in the desired frequency region by changing the electron plasma frequency. Fig. 6 shows that for the TE wave, when the plasma coating is increased to r 1 ¼ 0:25a, the 2-D DP photonic band structures do not distinctly change compared with the dielectric photonic band structures, especially in the low-frequency range. This situation is in contrast with the TM case. There is little difference between those two band structures shown in Fig. 6(a) and (b) . With increased plasma-coating thickness, the photonic band shifts to the low-frequency region and no cutoff frequency exists regardless of the plasma-coating thickness. Another unique feature of the 2-D DPPC exhibited in Fig. 6(c) is the emergence of multiflatbands at ! G ! pe [18] . The multiflatband frequency ranges from the lowest to the highest flatband, and the maximum group velocity is less than 0:05c. In this frequency region, "ð!Þ is negative in the plasma region. Along these flatbands, the surface plasma waves are surface plasmon polaritons in the notation of PPCs and exist with localized fields around a plasma column. In the TE mode, the electric fields are perpendicular to the plasmacoating surface, and the normal component of the plasma surface possibly lies along a circular plasma column. If surface waves excited around the periodical plasma columns propagate in phase, wave propagation is possible on a flatband [18] , [22] , [23] .
TE Wave
Our simulations reveal that with increased filling factor of plasma coating, the multiflatbands occupy a larger frequency range from ! R ¼ ! p to the top of the low-frequency region, which has been previously verified [4] , [18] . According to the effective medium theory [15] , the low frequency region does not dependent on the lattice structures of the PC, but on the structure of the individual DP cylinders. In the TE mode, the 2-D DP PCs flatbands result from the plasma coating. Therefore, we assume that this region of flatbands is not dependent on the geometry of the photonic lattice under conditions of the same filling factor of the plasma coating and whole DP cylinders. This assumption is validated by the Maxwell-Garnett type effective medium theory. In the low-frequency region, the dispersion relation from the Maxwell-Garnett formula can be written as [15] where "
and
We can observe that k is only dependent on the filling fraction f and permittivity " of materials. Therefore, the dispersion relation is not sensitive to the lattice structures of PCs. Occupied by the flatbands, the region from ! R ¼ ! p to the top of the lowfrequency area is also not dependent on the lattice structures of PCs.
To validate this assumption, we calculate the 2-D DP photonic band structures with a different lattice based on the PWE method, and compare them with those obtained in the honeycomb lattice. Thus, we can verify whether if region depends not on the geometry of photonic lattices but on the filling factor of the plasma coating. For simplicity, we choose a 2-D square and triangular lattice for comparison. As shown in Fig. 7 , we calculate the 2-D DP band structures with each lattice using the same filling fraction of the core dielectric cylinder f 1 and the whole DP cylinder f 2 in the unit cell. The lowest flatbands for different crystal lattices are shown in Fig. 7 by red dotted lines. The region of multiflatbands in the honeycomb lattice is from 0:46 Â 2c=a to 1 Â 2c=a, whereas the corresponding regions of the square and triangular lattices are from 0:41 Â 2c=a to 1 Â 2c=a and 0:51 Â 2c=a to 1 Â 2c=a, respectively. This result validates our former assumption that the region of flatbands is not dependent on the PC lattices. However, it does not mean that the flatbands are exactly the same in all cases because the eigenvalues for different photonic lattices differ from one another. On the other hand, minor differences among the lengths of primitive lattice vectors lead to the change in the low-frequency region. The multiflatbands realized in this type of PC can be accurately applied in receiving EM waves. According to the definition of group velocity ðv g ¼ @!=@k Þ, the three-component plasma-coating configuration is effective in creating a medium wherein the EM waves below the plasma frequency can propagate with a significantly reduced group velocity. However, it may accompany a high loss. Fig. 7(d) shows the plot of the six lowest imaginary parts of the band structure in the honeycomb lattice. The imaginary parts corresponding to the lowest flatband (plotted in red triangles), which appear flat and close to zero. It has a minimum at the x point, where the strongest attenuation of the mode associated with the lowest band structure occurs. Clearly, the attenuation associated with the lowest flatband is above À0.025 and the loss is not high.
To make our prediction more reliable, we compare the region of flatbands in square, triangular, and honeycomb lattices, respectively, in a wide region of filling fraction. f 2 changes from 0.03 to 0.6, whereas f 1 is 0.02 less than f 2 . Fig. 8 shows a plot of the highest and lowest frequencies of the flatbands for three lattices as a function of f 2 . The filling factor of plasma coating swells from 0 to 0.15, and the region of flatbands expands swiftly to the lower EM wave frequency. When f 2 changes from 0.2 to 0.6, the multiflatbands occupy 90% of the frequency region below the normalized plasma frequency. There are some differences between the square and other two lattices when f 2 changes from 0.05 to 0.1 for the lowest flatbands frequencies. Nevertheless, the band edges in the three lattices are very well in accordance with one another when f 2 changes from 0.03 to 0.6. These calculation results validate the assumption that the region of flatbands depends not on the geometry of the photonic lattice but due to the filling factor of the plasma coating.
Conclusion
In summary, in the presence of dispersion and dissipation, a modified PWE method is used to calculate the photonic bands in 2-D honeycomb lattice PCs composed of plasma-coated layers. In the TM mode, when the plasma-coating thickness is equal to a critical value, most DP photonic bands are the same as those composed of pure plasma cylinders. This property provides us with a way to replace PPCs with DP PCs that saves energy and resources. The energy and resources saved may be lower and more difficult in fabricating plasma-coated cylinders in the optical spectrum, but higher if we employ the principle of scale invariant of PCs. For example, in the microwave region, large-sized and more ionized gases are necessary to construct EM band gap materials. In the TE mode, based on the fact that multiflatbands are caused by surface plasmon polaritons, we predict that the appearance of the flatbands results from the plasma coating. This region of flatbands depends not on the geometry of the photonic lattice but on the filling factor of the plasma coating. With increased plasma-coating thickness, multiflatbands below the plasma frequency occupy a larger frequency range. Numerical calculations for the three types of lattices validate our prediction.
